Axially symmetric stationary metrics governed by the Einstein-Euler equations for slowly rotating perfect fluids have been constructed in an arbitrarily large bounded domain containing the support of the mass density. However the problem of global prolongation of the metric is still open. On the other hand the so called matter-vacuum matching problem, particularly as the source problem for the Kerr metric, has been discussed by several authors. This can be regarded as the approach to the same open problem in the opposite direction. We give a remark on this open problem.
Introduction
We consider the Einstein-Euler equations
for the metric ds 2 = g µν dx µ dx ν (1.2) with the energy-momentum tensor for the perfect fluid
Here the Greek letters µ, ν stand for 0, 1, 2, 3. G is the gravitational constant and c is the speed of light. As for the meanings of other symbols, see [6] . We assume the pressure P is a given function of the density ρ and suppose (A) : P is a given smooth function of ρ > 0 such that 0 < P, 0 < dP/dρ < c 2 for ρ > 0, and there is a smooth function Λ which is analytic at 0 such that Λ(0) = 0 and P = Aρ γ (1 + Λ(Aρ γ−1 /c 2 )) for ρ > 0.
(
1.4)
Here A, γ are positive constants and 6/5 < γ < 2.
In the article [8] , we have constructed an axisymmetric metric 5) with the 4-velocity field 6) and the density distribution
2 is sufficiently small. Here R is an arbitrarily fixed large number, and u N (r, ζ), ζ := z/r, u O = u(O), is the solution of the problem of axially symmetric rotating gaseous stars for the non-relativistic Euler-Poisson equations such that {u > 0} = {ρ > 0} = {r < r + (ζ)}, the function ζ → r + (ζ) : [−1, 1] →]0, R/2[ being a continuous function which gives the physical vacuum boundary. F ′ , A ′ , K ′ , Π and u as functions of (ξ 1 , ξ 2 , ξ 3 ) belong to C 2,α (D), 0 < α < 1. We have assumed that
O , is sufficiently small. Now, in this situation, the support of ρ is R := {r ≤ r + (ζ)} is a compact subset of the domain D, on which the metric has been constructed, and D \ R is a vacuum region. However there remains the open problem:
What happens when we prolong the vacuum axisymmetric metric outside D ?
Can the prolongation be an asymptotic flat one as r → +∞ ?
For the sake of comparison, let us recall the result on spherically symmetric metric. Actually a spherically symmtric static metric
is given by solving the Tolman-Oppenheimer-Volkoff equation. Let {ρ > 0} = {r < r + }, where r + is supposed to be finite, which is the case if 4/3 < γ or if u O /c 2 is sufficiently small. Anyway, in this situation, we can find a Schwarzschild metric described by the coordinates (R ♯ , ϑ, φ):
on the domain {r + < R ♯ } such that the coefficients of the patched metric (1.9) with (1.8) at r = R ♯ = r + are of class C 2 . See [7] . Indeed, by Birkhoff's theorem the Schwarzschild metric the only possible spherically symmetric static one in the vacuum region.
Keeping in mind this spherically symmetric case, and that the Kerr metric is the typical, although not only one, static axially symmetric metric in the vacuum region, we naturally ask:
(Q1): Can we find a Kerr metric described by an appropriate coordinates on the vacuum region {r + (ζ) < r} which is matched to the interior solution constructed on R = {ρ > 0} = {r < r + (ζ)} with junction conditions to be expected, say, e.g., with coefficients of class C 1 ?
Let us discuss this matter-vacuum matching problem in this note.
Strategy of W. Roos
Until now the matter-vacuum matching problem has been discussed under the formulation which is in the opposite direction to the formulation described in the preceding section as (Q1). Namely, the formulation of the problem discussed by several authors until now is:
Given an axisymmetric stationary vacuum metric, in particular, the Kerr metric, on the exterior domain E = R 3 \ I of an interior domain I with boundary S = ∂E = ∂I, can we find a solution of the field equations such that {ρ > 0} or {P > 0} coincides with the interior I on which the metric is constructed to be matched across S with plausible junction conditions, say, e. g., with coefficients of class C Several authors have tried very hard to find a model of the source, but so far without success. The most promising positive result is that of Roos (1976) , who investigated the Einstein equations with a perfect fluid with the boundary condition that the Kerr metric is matched to the solution. All attempts so far to find an explicit example of a solution failed. The continuing lack of success prompted some authors to spread the suspicion that a perfect fluid source might not exist; rumours about this suspicion were then taken as a serious suggestion. The opinion of one of the present authors (A. K.) is that a bright new idea is needed, as opposed to routine standard tricks tested so far.
However the strategy of W. Roos [12] seems to be not so promising. In this section we examine this.
A rough sketch of the main result of [12] giving Roos' strategy is as follows:
Let be given a stationary axisymmetric C ∞ vacuum filed in a domainẼ, an analytic equation of state ρ = ρ(P ), a time-like hypersurface S bounding a simply connected domain I, E = R 3 \Ī ⊂Ẽ, such that on S matching conditions and some additional conditions hold. Take a coordinate system Let us consider the particular case of spherically symmetric solutions. For the sake of simplicity let us take the geometrical unit system in which G = c = 1.
Given the Schwarzschild metric
onẼ = {r > 2M } and S = {r = R}, where the data (R, M ) belongs to the admissible set A defined by
Then the field equations on I = {r < R} is redused to the Tolman-OppenheimerVolkhoff equation 0), then either Case-(00): P ր +∞ as r ց r − , or Case-(01):
If Case-(01), it can be shown that dP/dr → 0 as r → r − + 0. If Case-(1) , either Case- (10): P ր +∞ as r ց 0, or Case- (11):
Suppose Case- (11) . Then Thus if and only if the Case-(11), the solution is that of (2.1) which is regular at the center. In other words, the Roos' strategy is successful if and only if Case- (11) . Let us look at the situation in the opposite direction. If we shoot the solution of (2.1) with the initial data m = 0, P = P O > 0 to the right from r = +0, the solution (m(r), P (r)) may hit P = 0 at finite r = R; when we can verify that (11) is the case and the Roos' strategy turns out to be successful if and only if ∃j : (R, M ) ∈ C j . Since the 2-dimensional measure of C j is zero, we can say that (R, M ) / ∈ j C j a. e. In other words the strategy of W. Roos is almost everywhere unsuccessful. In order to make the Roos' strategy give success we must chose a combination of M and R which fits a very tightly restricted condition, and it seems to be desperate to give an explicit expression of the condition accordingly to the given equation of states.
Ellipsoid as a candidate for the boundary surface
In the preceding section we examined the strategy of W. Roos for the particular spherically symmetric case. Although it is the case very scarcely, the strategy is successful by taking a sphere {r = R} as the matching boundary S. However if the angular velocity Ω is not equal to 0, maybe we should take other figures than spheres as S. Inspired by the analogy with the ellipsoidal figures of rotating liquid (that is, incompressible ) stars in the non-relativistic theory (see e.g. [2] ), one may try to take ellipsoids as candidates of S for (Q2). But r is a function of x, y, z of the standard co-ordinate system (t, x, y, z) such that
Therefore the surface r = constant referred in the above [3, Footnote (5) ] are confocal ellipsoids. ([1, p.269L, the last line].) In other words, [3] says that ellipsoids are suitable figures for S to solve the problem (Q2).
However it seems doubtful that an exact ellipsoid is suitable for S, since it seems doubtful that the vacuum boundary {r = r + (ζ)} of the interior solution constructed in [8] would be an exact ellipsoid if Ω = 0. Let us explain the reason of this doubt in this section.
We have
where
, b is the surface curve of the distorted Lane-Emden function Θ ξ, ζ,
On the distorted Lane-Emden function, as shown in [4, §7] and [5, §5] , we have the approximation
A 2 < 0, ψ 2 (ξ 1 ) > 0, and
Thus r = r + (ζ) is approximated by
with c 2 > 0, which does not give an ellipsoid if b = 0, since an ellipsoid should be given by a function of the form
Of course this is not a rigorous proof of the claim that r = r + (ζ) does not give an ellipsoid, since the detailed structure of the remainder terms O(u See [9, Sec. 3.2] , [10] , [13] . By this no-go theorem it is impossible that all level surfaces {ρ = Const.} are ellipsoids, since ∂Θ/∂ξ < 0 for 0 < ξ < Ξ 1 (ζ) so that ∂ρ/∂r < 0 for 0 < r < r + (ζ) in the non-relativistic problem for which c = ∞, r + (ζ) = aΞ 1 (ζ), and ρ = ρ N = γ − 1 Aγ although this no-go theorem does not claim that it is impossible that the individual level surface {u(= u N ) = 0} = {r = r + (ζ)(= aΞ 1 (ζ))} is an ellipsoid.
